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Overview

» Directed Graphical Models: Diagrams for representing
probability distributions over a set of random variables.

» Graphical Models provide a graphical view on how to
decompose the joint probability into a product of
factors each depending only on a subset of variables.

K
p(x) = [ p(xulpar),
k=1

» Graphical Models display the conditional independence
of nodes.
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Overview

» The decomposition of the joint probability provided by
the Graphical Models is useful to:

» “Understand” how the variables are connected to each
others (conditional independence).
» Simplify computations in inference and learning.

» Generalize the understanding and simplification to any
new model.
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» Four random variables:
» C: cloudy, C € {0,1}.
» R:rain, R € {0,1}.
» S: sprinkler on, S € {0,1}.
» W: wet grass, W € {0,1}.

o

P(C,R,S,W) = P(C)P(R|IC)P(S|C)P(WI|R,S).

Inference
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P(C=1)=0.5

P(S=1|C=1)=0.1P(S=1|C =0)=05 <:l\\ Inference
P(R=1|C=1)=10.8, P(R=1|C=0)=0.2 J ///
P(W=1R=1,5=1) =099 ‘/j:E
P(W=1R=0,S=1)=0.9
P(W=1R=1,5S=0)=0.9

P(W =1|R =0,5 = 0) = 0.0

P(S=1W=1)= P(VZ(—WI’:SU_ 2
S rRcPW=1,5=1R,C)
ZS,RC P(W=1,5R,C)
S ke P(C)P(S =1|C)P(RIC)P(W = 1|R,S = 1)
>s.r.c PIOP(SIC)P(RIC)P(W =1|R, S)
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» Let g} = (q1,--- ,qn) be the random vector
representing a sequence of states in a first order markov [kl
model. Each variable g; takes value in {1,---  K}.

» The first order markov assumption states that for any
time t:

p(q:lai™t) = p(gelge—1).-

» Thus, the joint likelihood of the sequence qf’:

N

plar’) = p(a) [ p(atlge-1).
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Q _______ }Q—»Q Inference

> Let assume that we are interested in the probability
distribution of g;.

S22 2 Pl

qit—1 qt+1

» Naive implementation: O(KN).
» Let notice that the only factor in the joint distribution
p(qi') depending on gy is p(qn|qn-1). thus:

Z D> @™ planlan-1).

qt—1 qe+1 an-1
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» The decomposition of p(q{v) into factors allow us to
exploit the distributivity of the multiplication over Inference
addition:

ab+ ac = a(b + c).

» Let proceed with the marginalisation:

pla) = > > > > pla qu/v\q/v ]

q1 qt—1 qt+1 an-—-1

= 22> o plar ilan-)
q1 qt—1 Gt+1 an-1

= 33> @)
q1 qt—1 qt+1

= D> pla)b(ar).

a1 qr—1
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» The decomposition of p(q{v) into factors allow us to
exploit the distributivity of the multiplication over Inference
addition:

ab+ ac = a(b + c).

» Let proceed with the marginalisation:

plar) = D> > > > plq ZPqN|qN1

q1 qt—1 qt+1 an-—-1

= 222> 2o plar DBlan-1)
q1 qt—1 qe+1 an—1

= E E E qt+1)
q1 qt—1 qt+1

= D> pla)b(ar).

a1 qr—1
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» The decomposition of p(q{v) into factors allow us to
exploit the distributivity of the multiplication over Inference
addition:

ab+ ac = a(b + c).

» Let proceed with the marginalisation:

plar) = D> > > > plq ZPqN|qN1

qa qt—1 qt+1 aNn-—1

= ZZZ Z ﬁ(CIN 1)
q1 qt—1 Gt+1 an-1

= ZZ Z B(qe+1)
qa qt—1 qt+1

= Y > plah)B(ar).

a1 qr—1
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Inference

» We can proceed with a similar procedure begining from
the state gi:

plar) = > -+ p(a)B(ar)

q1 qi—1
_ Z Zp q1)p(q2|q1)p(a3)B(qr)
= ZP(Qt|qt—1)0‘(qt—1)ﬁ(Qt)

qr—1

= a(q:)B(qr)-
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Inference

» We can proceed with a similar procedure begining from
the state gi:

plar) = > -+ p(a)B(ar)

q1 qi—1

=Y - Zp q1)p(q2|q1)p(a3)B(qr)
qr—1

= Zp(qt’qt—l)@(%—l)ﬁ(%)
qr—1

= a(q:)B(qr)-




Statistical ML

Inference in a chain

M. Keller

plar) = Z Y- Zp farence

qt—1 qt+1

(qt)ﬁ(Qt)

» Complexity: O(N?K?)
» Note that o and 3 are computed recursively'

a(qe) = Y p(qelqe-1)a(qr-1) Zp q1)p(a2/q1)-
= ZP(Qt+1|qr)ﬁ(Qr+1), B(gn) = Zp(qN|qN_1).

» Note that we can also compute the joint probability of
two consecutive states as:

p(qe—1, ) = a(qe—1)P(qe|qe—1)5(qe)-




Inference and Learning

» Depending on the probability distributions choosen for
the conditional probabilities, exact inference is not
always possible.

= Approximate Inference:

» Variational methods.
» Sampling methods.
> etc.

» Learning:

» when all random variables are observed: Maximum

likelihood estimate, etc.
» when only some random variables are observed:
Expectation Maximization, Variational EM, etc.
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» We are given a database of N documents. Comparison

» After some preprocessing steps (stemming, stopping),
we have a dictionary of M different words.

» Find a good text representation for these
words/documents...
» Typical applications:
» Document retrieval
Text categorization
Text filtering
Text entailment
etc

vV vy VvVvYy
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» Represent document d as a bag-of-words:

d = (O[]_, ao, ... ,OCM) Comparison

> apm is function of the frequency of m* word (w,,) in d
and in the database.

» In this representation:
“A boat in the sea” # “A ship in the ocean”.
“Surfing a wave” =~ “Surfing the Internet”.
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» Represent document d as a bag-of-words:

d=(a1,az,...,an)

Comparison

> apm is function of the frequency of m* word (w,,) in d
and in the database.

» In this representation:
“A boat in the sea” # “A ship in the ocean”.
“Surfing a wave” =~ “Surfing the Internet”.

— We are looking for a representation ¢(d), where the
mapping ¢(.) takes into account knowledge about the
links between words.

— Gain this knowledge from the huge amount of available
documents in digital format. Ex.: Internet.
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» Several probabilistic models of the relationships between
words and documents have been proposed, among Comparison
which:

» Probabilistic Latent Semantic Analysis (PLSA,
Hofmann, 2001),

» Latent Dirichlet Allocation (LDA, Blei et al., 2003) and

» Theme Topic Mixture Model (TTMM, Keller and
Bengio, 2004).

Common main assumption
The distribution of words in a document is independent of

the document given a hidden variable K, which partitions the
word space into I Topics.
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» Several probabilistic models of the relationships between
words and documents have been proposed, among Comparison
which:

» Probabilistic Latent Semantic Analysis (PLSA,
Hofmann, 2001),

» Latent Dirichlet Allocation (LDA, Blei et al., 2003) and

» Theme Topic Mixture Model (TTMM, Keller and
Bengio, 2004).

Common main assumption
> P(Wi|X) = Sk P(K = K| X)P(wm|K = k),
> Wp values € {0,1} model the presence of absence of
word m,
» K values € {1,...,K},
» X is a generic random variable in the document space.
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» Several probabilistic models of the relationships between
words and documents have been proposed, among Comparisen
which:

» Probabilistic Latent Semantic Analysis (PLSA,
Hofmann, 2001),

» Latent Dirichlet Allocation (LDA, Blei et al., 2003) and

» Theme Topic Mixture Model (TTMM, Keller and
Bengio, 2004).

Common main assumption

document space

GO,

word space

N
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PLSA (Hofmann, 2001)

PLSA models the word-document co-occurrences, for each Comparison
document ds and each word w,,:

P(ds, wm) = P(8)P(wpm|ds).

Common main assumption

> P(Wi|ds) = Y3k, P(K = k|ds)P(wim|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Kvalues € {1,...,K},
» § values € {1,..., N}, P(d) proportional to the
document length.
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PLSA (Hofmann, 2001)

PLSA models the word-document co-occurrences, for each Comparison
document ds and each word w,,:

P(ds, wm) = P((S)ZP = k|ds)P(wm|K = k).

Common main assumption

> P(wnlds) = S2k_, P(K = k|ds)P(wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Kvalues € {1,...,K},
» § values € {1,..., N}, P(d) proportional to the
document length.
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TTMM (Keller and Bengio, 2004)
In TTMM the document space is partitioned into H Themes:  [EEUEEY

ZP P(d|H = h)

Common main assumption

> P(Wi|H = h) =S5 P(K = k|H = h)P(wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Topics K values € {1,...,K},
» Themes H values € {1,..., H}.
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TTMM (Keller and Bengio, 2004)
In TTMM the document space is partitioned into H Themes:  [EEUEEY

ZP P(d|H = h)

Common main assumption

> P(Wi|H = h) =S5 P(K = k|H = h)P(wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Topics K values € {1,...,K},
» Themes H values € {1,..., H}.
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TTMM (Keller and Bengio, 2004)
In TTMM the document space is partitioned into H Themes:  [EEUEEY

H
P(d)=>_P(H=h) T[] [P(wn|H = h)]"
h=1

wmed

Common main assumption

> P(Wi|H = h) =S5 P(K = k|H = h)P(wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Topics K values € {1,...,K},
» Themes H values € {1,..., H}.
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TTMM (Keller and Bengio, 2004)
In TTMM the document space is partitioned into H Themes:  [EEUEEY

H
P(d) =Y P(H=h) T] [P(wnlH = h)"~
h=1

wmed

Common main assumption

> P(Wi|H = h) =S5 P(K = k|H = h)P(wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Topics K values € {1,...,K},
» Themes H values € {1,..., H}.
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TTMM (Keller and Bengio, 2004)
In TTMM the document space is partitioned into H Themes:  [EEUEEY

H K
P(d)=>_P(H=nh) [ |>_P(K=kIH=h)P(wn|K = k)
h=1

wmed Lk=1
Common main assumption

> P(wm|H = h) =Sk P(K = k|H = h)P(wp|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Topics K values € {1,...,K},
» Themes H values € {1,..., H}.
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LDA (Blei et al., 2003)
In LDA a document is sampled from a random mixture over
latent topics:

Comparison

P(d) = /P(Tyg)P(dT)dT

Common main assumption

> P(Wi|T) = Sk P(K = k|7)P(Wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Kvalues € {1,...,K},
> 7= (71,...,7), Tk = P(K = k|7)
7 ~ Dirichlet(¢), ¢ € RX.
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LDA (Blei et al., 2003)
In LDA a document is sampled from a random mixture over
latent topics:

Comparison

P(d) = /P(Tyg)P(dT)dT

Common main assumption

> P(Wi|T) = Sk P(K = k|7)P(Wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Kvalues € {1,...,K},
> 7= (71,...,7), Tk = P(K = k|7)
7 ~ Dirichlet(¢), ¢ € RX.
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LDA (Blei et al., 2003)
In LDA a document is sampled from a random mixture over
latent topics:

P(d) = / P(rIC) TT Plwmlr)dr

wm€ed

Comparison

Common main assumption

> P(Wi|T) = Sk P(K = k|7)P(Wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Kvalues € {1,...,K},
> 7= (71,...,7), Tk = P(K = k|7)
7 ~ Dirichlet(¢), ¢ € RX.
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LDA (Blei et al., 2003)
In LDA a document is sampled from a random mixture over
latent topics:

P(d) = / P(rIC) TT Plwmlr)dr

wmed

Comparison

Common main assumption

> P(Wi|T) = Sk P(K = k|7)P(Wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Kvalues € {1,...,K},
> 7= (71,...,7), Tk = P(K = k|7)
7 ~ Dirichlet(¢), ¢ € RX.
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LDA (Blei et al., 2003)
In LDA a document is sampled from a random mixture over
latent topics:

Comparison

tfm(dl)

[ZP = k|7)P(wWm|K = k) d

k=1

P) = [ Prio) T]

wmed
Common main assumption

> P(Wn|T) = Sk P(K = k|7)P(wm|K = k),
> Wy, values € {0, 1} model the presence of absence of
word m,
» Kvalues € {1,...,K},
> 7= (71,...,7), Tk = P(K = k|7)
7 ~ Dirichlet(¢), ¢ € RX.




Statistical ML

Comparison

M. Keller

» PLSA (Hofmann, 2001)

Comparison

P(ds, W) = ZP = k|ds)P(wm|K = k).

» TTMM (Keller and Bengio, 2004)

H K
=Y P(H=n) ] [Z P(K = k|H = h)P(wm|K
h=1

wmed Lk=1

» LDA (Blei et al., 2003)

tfm(d
P(d):/ ) 1] [ZP = k|7)P(wm|K = k)

wmed Lk=1
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» Inference
PLSA LDA TTMM

exact - EM | approx. - variationnal EM | exact - EM

Comparison

» Complexity
PLSA LDA TTMM
O(NKn[a+ M]) | O(NKa[n+ M]) | O(NKH[n + M])

» Number of parameters
PLSA LDA TTMM
KN+KM | K4+KM | (1+K)H+KM

» K: Number of topics. > N: Number of
documents.

» H: Number of themes.
> 7. average length of

» M: Number of words. documents.
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Comparison

» Sources of inspiration:

» Christopher M. Bishop's book “Pattern Recognition and
Machine Learning”.

» Kevin Murphy Introduction to Graphical Models (on the
web).

» My PhD thesis...
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